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ABSTRACT

Galerkin's finite clement method is presented for numerical solution of singular two-point boundary value
problems (BVPs) for certain ordinary differential equation having singular coefficients. These problems arise
while reducing partial differential equations to ordinary differential equations by physical symmetry. The
numerical results show the capability of Galerkin®s finite element method, to remove the difficulty of convergence
due to singularity for singular BVPs. Some examples are given to demonstrate the effectiveness of the method and
comparison of the numerical results made with the exact solutions.
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1. INTRODUCTION

Galerkin's Finite Element Method (FEM) is one of the
computational techniques for oblaining  approximate
solutions o many complicated problems that would be
intractable by other techniques [1, 2] The method
involves dividing the domain of solution mto a finite
number of simple sub-domains, the finite elements. Tt is a
well established numerical technigue. In this paper, the
method of weighted residual in Galerkin's finite clement
formulation is used for obtaining smooth dpproximations
to the solution of a system of second-order singular two-
point boundary value problems (BVPs) of the type:

y l
Y=y () + gy = fx), (1)
X
subject to the boundary conditions
va)=a, and y(h)=a, (2)

where ¢(x) and f(x) are continuous functions on
(0,1] and ¢z, , ¢, are real constants. These problems

(1)=(2) are generally encountered in many areas of science

and engineering e.g., i the fields of fluid mechanics,
clasticity, reaction-diffusion  processes,  chemeal
kinetics and other branches of spplicd mathematics |3]
Numerical solutions of these problems are of great
importance due 1o its wide application in scientihe
research. Singular BVPS have been studied by several
researchers. Convergence difficulties have been faced
due to the singularity at X =0 on the left side ol the
differential equation (1). Attempts by many researchers
for the removal of singularity are based on using the
seties expansion procedures. in the neighborhood

(0. 5) of Singularity ( O is vicinity of the singularity)
and then solve the regular boundary vilue problem
the interval ((Y.l)using any numerical method
Kamel Al-Khaled [4] used the Sine-Galerkin method
and homotopy-perturbation method (HPM) to search
for approximate solutions of a certain class of singular

two-point BVPs. Junfeng Lu [5] used  variational
iteration method (VIM) to solve two-paint BVPs
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AbuZaid et al [6] provided a finite difference
approximation (o the solution of the above problems. A
methid based on cubic splines for solving a class of
singular two-point BVPs was presented by Ravi Kunth
and Reddy (7). Recently, Bataineh [8] extended
application of the modified homotopy analysis method for
singular two-point boundary value problems and Rawvi
Kanth (9] demonstrates the differential transform method
for the solution the same problems. The existence of a
umique solution of (1)-2) was discussed in [6, 10].

The aim of this paper is to introduce a numerical
technique as an alternative to the existing numerical
methods to remove the difficulty of convergence due to
singularity at X =0 in solving singular two-point BVPs
and solutions are computed in the entire domain, Once the
solution has been computed, the information required for
FEM interpolation between mesh points is available for
the entire solution domain. This is particularly important
when the solution of the boundary-value problem is
required at different locations in the solution interval

[a.b] .

The paper is organized as follows. In Section 2, the
Galerkin's finite element formulation is formulated using
linear Lagrunge polynomial. Comparison with exact
solutions and  discussion regarding results of three
examples is given in Section 3 and 4.

2. GALERKIN'S FINITE ELEMENT
FORMULATION

The Galerkin's method [ 1. 2, and 12] in the finite element
context requires that we choose o suitable trial or basis
function that is applied locally over a typical finite
element in the complete X domain. Let us denote this
trial function by ¥ . In this case it is necessary to satisfy
inter-element compatibility with respect to displacements.
In other words the trial function is C? -continuous. Each
element has two nodes. We interpolate the function at

cach node of the clement. This requires one unknown
parameters at each node of the element. Let the unknown

wial function ¥ = @, + a,x for any arbitrary element of
the discretized region. Rather than formulating  the
problem in terms of arbitrary constants @, and @, . we

prefer 1o express the linear trial function in terms of values
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of the dependent functions at nodes i and j(the

convention used by Zienkiewicz, Stasa and Shaukat Igbal
etal [1.2and 12]).

y(x)=Ny, + Ny, (3)
S»(x):[N]{y} (4)
Here {y}T =[_v, }’,] and INI=[N, N:] are the
matrices of interpolation functions and

Ny=x,—xlx,—% & Ny=x-x1x,—x, the
trinl function constants now are the nodal variables of the
dependent variable V.

Now, the goverming differential equation (1) can be
wrilten as:

d dy = e
= (x dt)+xq(x).\ =xf(x) (5

Galerkin's finite element formulation as given in |1, 2,
and 12]. is wsed for our particular problem and after
substituting the trial functions, the equation (3) can be

written in discretized form as:

i’ |: -f;[ I W Y di— J‘mq(.r)_ivtﬁ I,mf (.r)dx]=0 (6)
[ x X

X

where "¢’ represents the element and 'n'" represents the
total number of elements in the discretized region. Writing
equation (6). in matrix form, we obtamn:

i[ ([N [Ny} s J.w<.\~)lu1'|~|{,\-}axJ

e~ X, (7'

=[NJ' nl: —z": [+[N]" (e

| ~l X

The equations for the elements must combine in such o
manner that only the boundary terms for clement nodes on
the region 'boundary will contribute; all other terms for
interior nodes will be zero. This implies that the boundary
terms for elements at common interior nodes cancel cach
other. Therefore, equation (7) in matrix notation can be
written as:

[KH{y}={F}+{Q] ®

———————————— e ————
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where K is a stiffness matrix, F is a force vector and Q isa
vector regarding boundary conditions.

3 NUMERICAL RESULTS AND DISCUSSIONS

In this section, we illustrate the numerical scheme by three
singular two-point boundary value problems, which have
been discussed in literature [4, 5,8, 9 and 1 1].

Example 1.

First we consider the following singular two-point
boundary value problem [8, 9 and 11]:

v'(x) +l vi(x)+ v(x)= f(x) (9
X

where

]'(.\‘)=4-9.\'+.\‘:—.\" D<x =1, (10)

subject 1o the boundary conditions

vi0)=0 and y(1)=0. (1
Equation (15) can be formed as:

dy
—(X==) 4 XY~ 0. (12
(L\(rtl\) el ;

The exact solution of (9) subject to (11) in this case
is v(x)= x =2 Now, applying the procedure given in
section 2, we will get:

ls'.\'_\"’l:"‘ - j.m‘ Vv + I.m:\'rl\'— Int\'(ut-‘).r b = )de=0 (13)

N X X

Example 2,
Consider the following singular two-point boundary value
problem [3, 8 and 9}

y”(x)+—l- vy (x)+ y(x) = f(x) (14)
3"
where
f( \-)=i+i O<x <1 (15)
4016 —

subject to the boundary conditions

y(0)=1 and y(1)=17/16. (16)
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Equation (14) can be formed as:
—(\—)+ av=xf(x)=0. (17
dx

The exact solution of (14) subject o (16) in this case is

X
y(.\')=l+-l-6-. Now, applying the procedure given in

section 2, we will get:

w:tj"l':" - I.m/ Vdxv+ I.m-;\'dr— Iw.t(§+£klr =0 (I8)
Tox X X 16
Example 3.

Finally we consider the following singular two-point
boundary value problem [4. 8 and 9]

(1‘%)_»” (x) +:;‘(%‘ l))"(,v>+(§- Dy =f(x) (19

where

f(x)= S—ﬂ 13_;. L—%— O<x <, (20

subject to the boundary conditions
v0)=0 and v(l)=0. (21

Equation (19) can be formed as:
:LI [("\—r )-——]+(l— x)-—+( F=29)y=-2(x)=0. (22)

The exact solution of (19) subject to (21) in this case
is y(x) = X°—=x". Now. applying the procedure given in

section 2, we get;
W2i—x" )\’I —I«Zs ¥’ m’nlnj(l Iy m-fn =24 ods

—I»ntlo—Z‘hH.'{rd\ —x'Mi=0 (23)
¥
The numerical results lor examples 1, 2 & 3 are shown in
Tables 1, 2 & 3 for 40 clements (h=1/40). The
computed solutions compare very well with the exact
solutions at various values of X . The numerical results
presented in tables 1. 2 & 3 clearly show the existence ol
the solution at singular pomnts. which reflects the potential
of the Galerkin’s finite eclement method. Due to the

singularity at Xx=0 n the given examples, people

e —
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~ neglect the effect of singularity on the solution and makes
calculations in the immediate neighborhood of the
singular point. Convergence difficulties faced by other
‘numerical methods have been removed by formulating the
singular BVPs by Galerkin's finite element method. These
examples have been considered by Cui Geng |11}
Junfeng [5] and Al-Khaled [4]. Figure. | shows the
convergence of the maximum error for three examples
with the decrease in the siep size (decrease in element
size) or increase in the number of elements. Results
andicate the formulation is accurately approximating the
solution,

- 4. CONCLUSIONS

Solutions of singular two-point boundary value problems
have been investigated for certwin ordinary  differential
equation having singular coefficients using Galerkin’s finite
element formulation. This method enables us to approximate
the solution at every point of the domain of the problem.
Convergence difficulties fuced by other numerical methods
due 1o singularity have been removed by formulating the
singular BVPs by Galerkin’s finite element method. The
results obtained are very encournging and FEM performs
better than other exisung numerical methods. Examples
demonstrate that the numerical results of the finite element
method are  penerally  very accurate and in excellent
agreement with the exaet solution. The numerical results
which are presented in Tables reinforce the conclusions made
by many researches that the efficiency of the finite element
method gives it much wider apphcability.

REFERENCES

' (11 0. C. Zienkiewicz, “The Finite Element Method™,
MeGraw Hill Company, (UK), London, 1977,

2]  F L. Susa, “Applied Finite Element Anulysis for
Engineers”, CBS Publishing, USA, 1985,

(31 S Chandrasekhar, “Hydrodynamic and
Hydromagnetic  Stability”, Dover, New Yok,
1981

{4] X Al-Khaled, “Theory and Computation in
Singular  Boundary  Value Problems”, Chaos
Solitons and Fractals, Vol. 33, No. 2, pp. 678-684,
2007.

(51

(6l

(71

8]

191

(10]

[11]

[12]

ISSN 1665-8607

Lu. Junfeng, “Varuational Iteration Method for
Solving Two-Pomt Boundary Value Problems™,
Journal  of  Computational  and  Apphed
Mathematics, Val. 207, No. 1. pp. 92-95, October,
2007.

I T. Abu-Zaid and M. A, ElGebeily, “A Finite
Difference Method for Approximating the Solution
of a Certain Class of Singular Two-Point Boundary
Value Problems.”, Arab Journal of Mathematical
Sciences, Vol. 1, No. |, pp. 25-39, 1995,

A. S, V. Ravi Kanth and Y. N. Reddy, "“Cubic
Spline for a Class of Singular Two-Point Boundary
Vialue Problems™,  Applicd Mathematics  and
Computation, Vol. 170, No. 2, pp. 733-740, 2005,

A. S, Bataineh, M.S.M. Nooruni, 1. Hashim,
“Approximate  solutions  of  singular  two-point
BVPs by modified homotopy analysis method™,
Physics Letters A, Vol. 372, No. 22, pp. 4062~
4006, 2008.

A, S. V. Ravi Kanth, K. Aruna, “Solution of
singular two-point boundary value problems using
differential  transformation  method™,  Physics
Letters A, Vol. 372, No. 26, pp. 4671-4673, 2008.

A. M. Siddiqui, M. Ahmed, and Q. K. Ghon,
“Couette and Poiseuille Flows for Non-Newtonian
Fluids,” Imernational  Journal  of  Nonlinear
Sciences and Numerical Simulation, Vol. 7, Nao. |,
pp. 15-26, 20006.

M. Cui, F. Geng. “Solving Singular Two-point
Boundary Value Problem in Reproducing  Kernel
Space”,  Journdl of Computational and Applied
Mathematics, Vol. 205, No. L, pp. 6-15, 2007.

Shaukar Igbal, Anwir M. Mirza and Thram AL
Tirmizi, “Galerkin’s Finite Element Formulation of
the Second-Order Boundary-Value Problems”, Int.
Journal of Comput. Mathematics, DOL

10, 1080/00207 160802562580,

S —
QUAID-E-AWAM UNIVERSITY RESEARCH JOURNAL OF ENGINEERING. SCIENCE & TECHNOLOGY, VOLUME 9 NO. | JAN-JUNE 2010 17



Numerical solution of singular two-point boundary value problems using galerkin’s finite ISSN 1665-8607

clement method

Table 1: Numerical Results for 40 elements of Example | Table 3: Numerical Results for 40 elements of Example 3

(h=1/40) (h=1/40)
. FEM Bxisct tide X FEM Exact Erme
0] 1] 0 0
0.0
o 0 o 0 5073363 S O00E TIIES
ol 9167263 9.0000E 3 1671984 02 3.2003E-2 3200012 6 30IBE-3
02 3217562 3. 2000E-2 1. 7S22E4 03 6.3052E-2 0300E-2 S2I29E-S
1 U G042E-2 0. GO00E-2 1 1538E-
03 6316562 6.3000E-2 1 6526E-4 2 i i
A 05 1 250361 1 2500F-1 I1733ES
0614852 0.6000E-2 1 4762E4
06 1440261 T A300E- 1 3302363
0s
1.2513E- 2500E-1 2SRIEA
Ll L2308 Sl 0.7 1 4T02E-1 TAT00E-1 15174E-5
0.0
1 A410E-1 1 A400E-1 1.0162E-4 08 12801 -1 1 2800E-1 RO319E0
07 | AT08E- | 1 A700E-1 7.6175E-5 09 8.1003E-2 S1000E-2 34R07E-6
03 1 2805E- 1 1 2R00E-1 §.0320E-5 W " # "
0.9 )
£.1025E-2 K 1000E-2 24734E-5
1 ° g 6

Table 2: Numerical Results for 40 elements of Example 2

(h=1/40)
" FEM Exuct Brror
il 10 1o 0
011 1. 000626 1.000625 LIOT4E-G
02 1002501 1.002500 1.2826E-0
03 1005626 1005625 1.3221E6
04 101000128 101 1.2827E-G
05 101562615 1015625 1.1826E-6
06 1.022501 1.022500 1O3ORE-D
07 10306258 1.0306250 8327687
08 1 4000059 10400000 59203E-7
09 105062531 1 05062500 3139567
10 10625 10625 ¢

———————————————————————
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log10({max(Error))

log2(x)

Figure 1: Error convergence with
decreasing step size or
increasing
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